Abstract We investigate the correlation of Ertel potential vorticity, Q, with Bernoulli streamfunction, B, on potential-temperature surfaces, h, in Earth's atmosphere poleward of 630 latitude. For input, we use the 1979-2010 CMAM30-SD specified-dynamics data set. We fit the model Q5Q 0 exp ½2k 0 ðB2B 0 Þ separately in the midlatitude ½30 ; 60 Þ and polar ½60 ; 90 regions, and nondimensionalize the slope parameter ask 0 ðNHÞ 2 k 0 . In the troposphere, the peak ofk 0 is approximately 2-3 in winter and 3-4 in summer in both regions. In the stratosphere during winter, bothk 0 j midlat andk 0 j polar hover around unity. In spring and fall,k 0 j polar continues to hover near unity, butk 0 j midlat rises by a factor of two, with its maximum located at h 700 to 900 K. In summer, the polar value drops to jk 0 j polar 1, while the midlatitude value swings negative tok 0 j midlat 22 to 23. In the mesosphere,k 0 exhibits incessant fluctuations with values that usually fall within the range 0 to 1. The results support the paradigm jk 0 j 1 for dynamically active regions primarily in the vicinity of h 3000-4000 K ( 62-72 km) in the mesosphere, whereas except in summer, we get the simple result that the monthly climate-averaged profile, hk 0 i, in the polar regions is nearly unity across the entire stratosphere. During extended recoveries following SSWs, the midlatitude vertical profile develops a peak near 2000 K that descends over the course of a few weeks, alongside the descent of the elevated stratopause in the polar region.
Introduction
We present a primitive-variable, vorticity-streamfunction correlation study that follows in the tradition of quasigeostrophic (QG) studies in which the QG potential vorticity, q, is correlated to streamfunction, w, for a variety of purposes. These include investigating free modes [Read et al., 1986; Marshall and So, 1990] , deducing the refractive index governing the vertical propagation of Rossby waves, beginning with the classic work of Charney and Drazin [1961] , and examining shear stability [Read et al., 2006 [Read et al., , 2009a [Read et al., , 2009b .
Primitive-Equation Variables
When the hydrostatic assumption is retained, but the strong rotation (small Rossby number) and strong stratification assumptions of the quasigeostrophic model are relaxed, then correlations between the resulting primitive-equation variables on potential-temperature surfaces, h, are of interest. For Earth, White [1990] examined Q versus mass-weighted streamfunction, W, and Morgan [1994] examined Q versus Montgomery streamfunction, a.k.a. dry static energy, M5/1h, where / g 0 Z is geopotential, with reference gravity g 0 5 9:806160 ms 22 and geopotential height Z, h c p T is specific enthalpy, with specific heat at constant pressure, c p , which is set here to the constant value 1004 J kg 21 K 21 , and T is absolute temperature. Both these studies demonstrate coherent vorticity-streamfunction correlations. Neither purports to be exhaustive, in the sense that only the northern troposphere and lower stratosphere are sampled, and only during winter.
Q Versus B
In this article, we attempt a comprehensive investigation of the correlation of Q to the Bernoulli streamfunction, B5M1K, where K is the specific kinetic energy. In general, using B instead of M on h surfaces gains the advantages of gradient balance over geostrophic balance [Holton and Hakim, 2013] . In practice, we obtain slightly tighter correlations with B.
horizontal grid. There are 63 pressure levels in the vertical, with a resolution varying from several tens of meters in the lower troposphere to 2:5 km in the mesosphere. The radiative forcing and chemical boundary conditions are the same as in SPARC CCMVal [Eyring et al., 2010] . Orographic gravity wave drag (GWD) and nonorographic GWD are parameterized using the schemes of Scinocca and McFarlane [2000] and Scinocca [2003] , respectively. To prevent artificial wave reflections from the model top, a Rayleigh-friction sponge is applied above 85 km (h 6700 K) to the deviations of the zonal and meridional winds from the zonal mean; in the mesospheric plots and tables below, the location of this sponge is indicated.
To facilitate the long-time constants associated with stratospheric chemistry, CMAM30-SD is spun up starting in 1950, initially guided by the U.S. National Centers for Environmental Prediction (NCEP) reanalysis until 1956, then switched to the European Centre for Medium-Range Weather Forecasts (ECMWF) ERA-40 reanalysis until 1978 [Uppala et al., 2005] . The run used here spans 1979 to 2010 and is guided by the ERA-Interim reanalysis [Dee et al., 2011] .
The specified dynamics is applied to the troposphere and stratosphere and takes the form of a relaxation, 2ðX2X R Þ=s 0 , where s 0 524 h is the relaxation time scale and X and X R are, respectively, the model and reanalysis spectral vorticity, divergence, or temperature coefficients. Linear interpolation is used to compute the reanalysis variables at intermediate times between adjacent 6 h intervals [McLandress et al., 2013] . A feature of this approach is it primarily constrains the synoptic space and time scales in the model, which are well represented in the reanalysis data. This is accomplished by performing the relaxation in spectral space and applying it only to horizontal scales with n T21, where n is the total wavenumber. In addition, monthly and annually varying sea surface temperature (SST) and sea-ice distributions are prescribed using observations.
Overview
The rest of the paper is organized as follows. In section2, we present scatter plots of Q versus B for the troposphere, stratosphere, and mesosphere, in section3 we model Q(B) and present best-fit results in terms of correlations as a function of region and season, and in section 4 we summarize and make conclusions. The work in this article is an extension of preliminary work reported at the Fall 2013 meeting of the American Geophysical Union (AGU) [Du et al., 2013] .
Q Versus B Scatter Plots
We start with the basic question of whether scatter plots of Q versus B are coherent, incoherent, or somewhere in between. As heralded by White [1990] and Morgan [1994] , they are coherent, in both timeaveraged plots and snapshots, for all levels and all seasons.
Hoskins et al. [1985] argue that the most appropriate vertical coordinate for this type of study is potential temperature, h, whereas CMAM30-SD uses pressure as the vertical coordinate. For h levels, we start at h5 280 K in the troposphere and proceed upwards in 5 K steps until h 5 400K, which lies just above the tropopause, then switch to 50 K steps until the stratopause at h 5 2000K, then to 200 K steps until the mesopause at 10,000 K, which is the upper limit of the data.
To proceed with the interpolation, we need h in each atmospheric column to increase monotonically with respect to altitude so that it may serve as the vertical coordinate. This holds nearly everywhere, but not at every longitude, latitude, and time. Working upward from the bottom of each column, we exclude from the source interpolation table any point whose h value is not greater than the value on the preceding (lower altitude, i.e., higher pressure) isobaric surface. In practice, no points in the stratosphere are thus excluded; across the troposphere, typically less than 3.5% and 0.5% are excluded in the midlatitude and polar regions, respectively, mostly from the first layer above the surface; across the mesosphere, typically less than 0.05% are excluded regardless of latitude, mostly from the model's sponge. The resulting data table for each column has monotonically increasing h and its corresponding atmospheric variables are then interpolated with respect to our target h-coordinate values, using the MATLAB (Version 8.1.0.604, R2013a) interp1('linear') function.
Troposphere and Lower Stratosphere
Consider first instantaneous scatter plots (snapshots) for the troposphere and lower stratosphere. Figure 1 shows Q versus B for the northern extratropics at the start of 1997 (1 January 1997, 00:00:00 UTC), for h52802400 K, shown in 15 K steps for clarity. Points on the data grid nearest 60 latitude are plotted as open circles, and those from the midlatitude and polar regions, i.e., equatorward and poleward of 60 , are plotted as horizontal and vertical dashes, respectively. See supporting information for examples of 2 year animations, with the 60 latitude, midlatitude, and polar points plotted in pink, green, and blue, respectively. Holton et al. [1995] and use Q52 PVU, which is shown as the thin horizontal line in Figure 1 . A first result is that Q versus B correlations show no break or kink associated with this definition of the tropopause, or anything similar to it.
All other factors being equal, warmer air is to the right on the B axis as a consequence of the c p T (specific enthalpy) term. Thus, the points from the polar and midlatitude regions tend to separate to the left and right, respectively, as can be seen in the tails on the right-hand side at h5325 K and above. A second result is there are no horizontal patches in Figure 1 , which implies there are no stand-out regions of homogeneous PV in the northern extratropical troposphere and lower stratosphere on 1 Jan 1997. Instead, we find monotonic, negative correlations throughout.
To get a sense of how Q versus B varies with season in the troposphere and lower stratosphere, Figure 2 shows snapshots for h5310 K in 1997, taken at midnight UTC at the beginning of each month. The points labeled ''Jan'' in Figure 2 are the same as those labeled ''310 K'' in Figure 1 ; each subsequent month in Figure  2 is shifted on the B axis by 10 4 m 2 s 22 for clarity.
The general characterization is echoed from month to month: there are no patches of homogeneous PV, but instead there are monotonic, negative correlations that stay about the same throughout the year in this altitude region. And, there is no indication of the tropopause, except possibly in July and August when the scatter becomes narrow for Qտ2 PVU. To summarize, in this particular phase space, the troposphere and lower stratosphere exhibit year-round consistency.
Middle and Upper Stratosphere
Scatter plots from the middle and upper stratosphere, topped by the stratopause at approximately h52000 K, behave considerably differently than those below, as can be anticipated from Rossby-wave refractiveindex studies and seasonal zonal-wind reversals. Figure 3 displays the seasonal changes at h5400 K and h5 600 K. The 400 K level maintains a negative correlation like in the troposphere below it, but the span of Q values shrinks in summer, with the maximum dropping by some 30% and the minimum rising slightly.
The behavior becomes qualitatively different by the 600 K level, where during May in the northern hemisphere, Q versus B in the midlatitude region pivots into a positive correlation, which then persists through summer ( Figure 3a) . A zoom-in of May 1997 is shown in Figure 4 , with May 1990 also included to give a comparison with a different year. A patch of homogeneous PV is seen to occur in 1997, as indicated; however, the same does not occur in 1990. Perhaps surprisingly because it is a dynamically quiet time, the most significant, seasonally recurring homogeneous-PV signal in the stratosphere occurs during summer in the polar region, as quantified in section 3.
Mesosphere
The ECMWF reanalysis guiding the CMAM30-SD output does not extend into the mesosphere, but the CMAM model is active to the mesopause at h 10; 000 K. If we stay well below the bottom of the model's Rayleigh-drag sponge at h 6700 K, then we may examine how Q versus B behaves in the neighborhood above the stratopause at h 2000 K. Figure 5 shows the start of each month in 1990 for h 5 2000 and 3000 K. The general correlations and seasonal transitions in the mesosphere share many of the same traits observed for the stratosphere in Figure 3 .
The main difference, besides generally broader scatter, is the signal in the winter mesosphere sometimes splits into two populations, each monotonic with a shift in B between them, as is apparent in the January, February, November, and December signals at h52000 K (Figure 5b ).
We do not see such double profiles in the stratosphere and troposphere. When they occur in the mesosphere, the lower-B and higher-B profiles are mostly populated by points poleward and equatorward of 60 latitude, respectively. We find we are able to handle such double profiles by fitting separate monotonic Q(B) functions to the midlatitude and polar regions. Because such a partition also helps to better represent the kink that arises near 60 in summer (discussed below), and because it does little or no harm when no such partition is necessary, we treat the entire data set with this two-region approach. 
Correlation Results
To model Q versus B in a given region, we follow Dowling [2014] and assume
QðBÞ5Q 0 e 2k0ðB2B0Þ ;
which introduces three profiles, B 0 ðh; tÞ; Q 0 ðh; tÞ, and k 0 ðh; tÞ. On each h surface, this function assumes the scatter-plot data can be well-represented by a single sign for Q, the sign of Q 0 , and that the correlation of Q with B is monotonic with a single sign for dQ/dB, the sign of 2k 0 Q 0 . We exclude the tropics in this study, in part because close to the equator it is not uncommon to encounter negative Q values in the northern hemisphere or positive ones in the southern hemisphere, and (1) is not designed to handle both signs simultaneously. Fortunately, the single-sign assumption holds up well in the extratropics, as detailed below.
One may generate a hierarchy of increasingly realistic Q(B) models by generalizing the linear function of ðB 2B 0 Þ in the exponential of (1) to higher-order polynomials in (B2B 0 ), or one may investigate other functions 
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DU ET AL. Q VS. Bmotivated by observational and theoretical considerations that are not necessarily single-signed or monotonic. But, given the overall appearance of the extratropical scatter plots in section 2, (1) is arguably the next logical step beyond the assumption of homogenous PV, which corresponds to Q 5 Q 0 and hence to k 0 50.
Robust Regression
To fit (1) to the data, we begin by calculating the area-weighted average of the Bernoulli streamfunction on each potential-temperature surface and time for the given region, B 0 ðh; tÞ.
Observing that log QðBÞ52k 0 B1ðk 0 B 0 1log Q 0 Þ is a line with slope 2k 0 and intercept b5k 0 B 0 1log Q 0 , we proceed by calculating a best-fit linear regression of log Q versus B. To guarantee that log ðQÞ is well-defined, we must have Q(B) be single-signed as noted above. This is done for the northern hemisphere by excluding negative Q values and their corresponding B values from the fitting procedure. For the southern hemisphere, we likewise exclude all positive Q values, then take the absolute value of the remaining negative Q values, and restore the negative sign to Q 0 at the end.
In practice, the number of ''wrong''-signed Q points in the stratosphere is less than 3% and 0.5% in the midlatitude and polar regions, respectively, the mesosphere has comparable upper limits, and the troposphere has half these upper limits, with typical exclusion percentages being much less than these worst cases.
The linear regression is done using the MATLAB function LinearModel.fit(B,Q, 'RobustOpts,' 'on'), with the default bisquare option for the robust-fit algorithm. Robust fitting reduces the influence of outliers on the fit, and in the case of no outliers gives the same result as regular least-squares regression. This yields the best fits and standard errors for slope reported in this article. The negative of the slope is k 0 directly, and the intercept, b, combines with B 0 to yield Q 0 5exp ðb2k 0 B 0 Þ and Q 0 52exp ðb2k 0 B 0 Þ for the northern and southern hemispheres, respectively. Note that for this exponential model, it is not correct to obtain Q 0 by simple regional averaging like for B 0 . Dowling [2014] showed the steady state relation, Q5dB=dW, combines with (1) to yield the corollary
Q Versus W
where the zero of W (the mass weighted streamfunction) is taken to be the same as the zero of Q 21 . This reciprocal relationship between Q and W compares favorably with observations, as can be seen in the Q versus W scatter plot by [White, 1990, his Figure 5b] , which is reproduced in Figure 6 . (Note the original figure caption for Figure 5 of White [1990] lists the units of the streamfunction as ''10 210 N K 21 s 21 ,'' but it should be ''10 10 N K 21 s 21 ''; A. A. White, personal communication, 2015 .)
The correspondence is not perfect-the observed shape of Q versus W in Figure 6 is more like the shape of a boomerang than a minus-one power law. White [1990] cautions there is ''some slight uncertainty in the interpretation of the results'' because ''the plotted quantities are calculated from the seasonal mean flow and pressure fields (rather than being the actual seasonal means of [Q] and W).'' Our analysis uses the latter, but nevertheless, White's results, together with those of Morgan [1994] and the results in this article, support the idea that Q in Earth's atmosphere is usually not flat with respect to W or B. White [1990] . Plotted is ECMWF data for winter 1985 -1986 
Regional Partitioning
In early work, we treated the entire span from 30 to 90 as a single region [Du et al., 2013] ; for definitiveness we will call this the single-k 0 or single-region model. This proves to be reasonably adequate in winter, as illustrated in Figure 7a , which shows close-ups of single-k 0 fits on h5310 K, for the January and February 1997 scatter plots in Figure 2 . When the linear regression of log Q versus B returns correlation-coefficient R 2 values of 0.75 or higher, the model fits generally have a high-quality appearance. Again, note that the dynamic tropopause does not appear to associate with any feature in these scatter plots. Contrast the winter with the single-k 0 fits for July and August 1997, Figure 7b . These are examples of unsatisfactory fits in the troposphere and lower stratosphere; they are typical of summer. ; 90 ] latitude range during winter. As seen in Figure 8a , small regions of homogeneous Q near the top and/or bottom of the range give the profiles the appearance of backwards integral signs, which is an example of the detail one would strive to capture at the next level of model realism.
In summer, Q versus B correlations undergo a dramatic change in the middle and upper stratosphere, pivoting to have positive correlations, i.e., negative k 0 , and shrinking in size until they occupy only the bottomright corner of the plot, shown for July and August 1990 in Figure 8b . The zoom-in on July reveals that a kink has developed at 60 , and the polar region has developed homogeneous Q. As alluded to above, we handle this kink by partitioning into two regions divided at 60 latitude, which yields the two-region model fits shown in Figure 9 . Regarding the polar region, recall that R 2 50 means the fitted line is no better than a horizontal line through the mean. In all that follows, we fit (1) separately to the midlatitude and polar regions. We have not found it necessary for the purposes of this study to require continuity of the model Q(B) curves at the 60 latitude boundary, because in practice continuity is nearly satisfied without imposing such a constraint.
k 0 as a Diagnostic
The analysis now concentrates on the behavior of k 0 ðh; tÞj midlat and k 0 ðh; tÞj polar . To better understand what these regional profiles signify, take as a case study the 8 month interval from October 2008 to May 2009, which in the second half of January 2009 contains a major stratospheric sudden warming (SSW), one that is associated with a split of the polar vortex [Harada et al., 2010] . In Figure 10a is plotted eight polar-projection maps of Q on the h5850 K potential-temperature surface in the northern stratosphere; these are snapshots taken at key points during this 8 month period. In the bottom plot is plotted k 0 ðtÞj midlat (solid curve) and k 0 ðtÞ j polar (dashed curve), with the top plot's times marked by the labels ''a'' through ''h.'' Model uncertainty is indicated by plotting these as pairs of curves corresponding to plus or minus the standard error.
The two horizontal guidelines in Figure 10b are the zero line, which corresponds to homogeneous Q, and the ðNHÞ 22 line, which corresponds to the inverse square of the buoyancy-wave frequency, N, times the pressure scale height, H, of a reference atmosphere. In this article, we use the U.S. Standard Atmosphere; alternately, a regional average of NH may be used, which yields similar results [Du et al., 2013] . This leads to a convenient nondimensionalization of k 0 :k 0 ðNHÞ 2 k 0 :
3.4.1. jk 0 j 1 First, consider regional configurations that yield jk 0 j 1, such that Q is on average approximately homogeneous. In the midlatitude region, this simply does not occur. Instead,k 0 j midlat proves to be positive, except in the summer when it is negative. An example of this passage into summer is the plunging of the solid curve in the second half of May in Figure 10h . This suggests that the homogeneous-PV configuration is not an adequate characterization of the midlatitude stratosphere, a conclusion that holds up under closer scrutiny below. In contrast, in the polar ½60 ; 90 stratosphere, three distinct PV presentations that correspond to jk 0 j polar 1 arise in Figure 10 . The first is labeled in Figure 10b 1 January 2009, with similar cases occurring approximately 1 week before and after this date. These are examples of coarse-grained homogeneous PV; in such instances, maps of PV in the polar region generally take on a mottled appearance.
The second type of homogeneous PV is represented by Figure 10d 1 February 2009, which occurs just after the major 2009 polar-vortex splitting event. Here, essentially all the polar vortex has been expelled from the polar region. Although different in genesis, it is significant that for both scenarios, jk 0 j polar rises back to significantly positive values within a matter of days.
The third homogeneous-PV polar presentation is shown in Figure 10h 31 May. Unlike in the previous two cases, jk 0 j polar stays much less than unity all summer long (see Figures 12 and 13) , whilek 0 j midlat switches to become negative.
3.4.2.k 0 6 ¼ 0 In Figure 10 , it is apparent that in the polar region,k 0 hovers near unity more than it does near zero, which is typical of fall, winter, and spring. In the monthly climate-averaged results below, hk 0 i 1 holds, except for summer, at all levels in the polar stratosphere. The middle atmosphere is well-known to have, and to exhibit, a number of different behaviors in winter: it can be quiet, or experience a stratospheric sudden warming (SSW); such a warming can be either minor or major, can involve the splitting or the displacement of the polar vortex, and can have the polar stratopause wash out and reform at an elevated position, or not [Chandran et al., 2014] . For such a complicated dynamical system, in which gravity wave and Rossby wave (buoyancy wave and vorticity wave) influences, radiative effects and downward control operate in a three-dimensional and transient manner [e.g., Hitchcock and Shepherd, 2013] , the more diagnostic tools available the better. In this light, profiles of k 0 may prove to be a useful addition to the middle-atmosphere toolbox.
To see how k 0 profiles behave under various wintertime conditions, begin with the time series in Figure 10 , which as already mentioned contains a major stratospheric sudden warming (SSW) in the second half of January, 2009. This event is associated with a splitting of the polar vortex, such that the dominant zonal wavenumber is 2 [Harada et al., 2010] , as captured in the sequence of snapshots in Figures 10b, 10c , and 10d. Notice that at the moment of splitting, time in Figure 10c , the polar jet cuts across the entire extratropics. This configuration coincides with the polar k 0 signal rising up to touch the midlatitude signal. By time as shown in Figure 10d , the regional signals have returned to be similar to time as in Figure 10b .
We follow the World Meteorological Organization (WMO) definition [Andrews et al., 1987, p. 259] and identify an SSW to be when the zonal-mean temperature gradient between 60 and 90 latitude becomes positive, and further classify these as major or minor depending on whether the zonal-mean zonal wind at 60 and 10 hPa reverses sign or not; the date of such a wind reversal is taken to be the central date for major SSWs. Only midwinter warmings are examined in this article, by which we mean if the meridional temperature gradient becomes positive, but does not revert to negative and stay negative for at least 15 consecutive days before 30 April, such events are treated here as being part of the final warming going into summer (e.g., the warming in 2007-2008). It is evident in the central panel that having the two regional k 0 time series touch at, or quite near, the SSW central date is a common feature of the split-type SSW. The left plots in Figure 11 suggests this also holds to a lesser degree for the displacement-type SSW, with the 29 December 2001 event being an exception. However, the converse is not true; there are instances in Figure 11 when the k 0 profiles coincide well away from any SSW.
One expects time-of-year to play an important role, and this can be seen in all three plots in Figure 11 . For example, the month of February is a period when the twok 0 profiles generally track each other, at or just above a value of unity. Notice that SSWs occurring in mid-January and later, of either type, tend to be associated at 850 K with a distinctive flare-up of k 0 j midlat (solid curves) that occurs around 20 days or so after the SSW central date, and then remains elevated, with a prominent diurnal jitter in the signal, for at least a month. The flare-up in k 0 j midlat at 850 K at approximately the 3 week mark thus corresponds to this peak descending to that level; had we monitored a higher h level like 1000 K, the flare-up would have appeared on a correspondingly earlier date.
Seasonal Signal
To establish the month-tomonth variation in the two regional k 0 ðtÞ signals, consider time series at representative stratospheric and mesospheric levels taken from the calendar year 1990, chosen because it is a non-SSW year. Figure 12 shows a comparison of northern k 0 ðtÞj midlat and k 0 ðtÞj polar time series for 1990 from the middle and lower stratosphere, at Figure 12a h5600 K, Figure 12b 400 K, and Figure 12c 310 K. The change of sign of k 0 ðtÞj midlat (solid curves) in the stratosphere going into and out of summer is evident at h5600 K ( Figure  12a ). As expected, this behavior holds for all of the middle and upper stratosphere. Figure 12 , but (a) in the mesosphere, h53000 K and (b) at the stratopause, 2000 K. Note the y axis range is half that in Figure 12 .
Stratosphere
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This sign-change behavior does not occur in the lower stratosphere, where k 0 ðtÞj midlat > 0 for the entire year (Figures 12b  and 12c) . Interestingly, at h5 400 K;k 0 ðtÞj midlat 1 all year long, especially during October-November-December-January when both regions show order-unity behavior. Lower down, at h5310 K;k 0 ðtÞj midlat is greater than unity, but dips close to unity in summer. Notice that the polar signal at h5310 K goes up instead of down heading into summer (Figure 12c ), reachingkj polar 3.
Mesosphere
With CMAM30-SD, we have access to the neighborhood at and above the stratopause, h 2000 K. Figure 13 shows k 0 ðtÞj midlat and k 0 ðtÞj polar for 1990 for the levels Figure 13a h53000 K and Figure 13b 2000 K. The signals at h52000 K (Figure 13b ) and h5600 K (Figure 12a ) are similar, for both the midlatitude and polar regions. This suggests there is a fair degree of coherence between the middle and upper stratosphere from this point of view. The qualitative behavior changes at h53000 K, with both signals staying in the vicinity of the zero line more consistently in the 3000-4000 K region than at any other level, albeit with plenty of variation and the occasional flare-up tok 0 1. Figure 14 shows k 0 ðhÞ profiles for the northern-hemisphere midlatitude and polar regions for 1990, taken at 00:00:00 UTC on Figure 14a 1 January and Figure 14b In terms of seasonal change, the stratosphere steals the show with its dramatic swings of k 0 ðhÞ versus time. These are particularly evident in the animations.
Snapshots of k 0 ðhÞ
Notice thatk 0 in the mesosphere tends to not exceed unity, with sporadic exceptions. With the caveat that the model's Rayleigh drag sponge is in operation above the dotted horizontal line at 6700 K in Figure 14 , animations of the mesospheric signal between h52000 K, and 6700 K give the impression of incessant dissipation, like a flag flapping in a vigorous wind. The region h 300024000 K has jk 0 j 1 year-round, and is the only such zone to emerge in this study that associates with vigorous dynamic activity.
Monthly Climate Averages
One of the motivations for quantifying vorticity-stream-function correlations is, to quote Morgan [1994] , ''to determine a basic state, constrained by both dynamics and observations, for the study of synoptic scale waves.'' With a Q(B) or Q(M) model and appropriate boundary conditions, one can apply the PV invertibility principle to obtain realistic basic state models of the extratropics. The technical details for inverting Q(M) assuming geostrophic balance are described and implemented by Sun and Lindzen [1994] .
To support such efforts, we have calculated 31 year (1979-2009, inclusive) climate averages of the three parameters in (1), denoted by triangular brackets, hk 0 iðhÞ; hB 0 iðhÞ, and hQ 0 iðhÞ, for the midlatitude and Figure 14 . The plots in Figure 15a and 15b correspond to the k 0 values listed in Tables (1-3) .
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DU ET AL. Q VS. Bpolar regions of the northern and southern hemispheres. (Note that we did not include the 32nd year of CMAM30-SD, 2010, to maintain compatibility with a sister data set, the extended CMAM30 run, which ends halfway through 2010.) The results for hk 0 iðhÞ for January, April, July, and October are plotted in Figure 15 , with the midlatitude and polar regions shown on the left and right, and the northern and southern hemisphere results shown on the top and bottom, respectively. The values corresponding to Figure 15 are listed in Tables (1-3) , and the full 12 month results are included in supporting information.
General Trends
Perhaps the cleanest result in this article is that in all but summer months, across the entire polar stratosphere, we find hk 0 i 1. As seen in Figures 15b and 15d , this is particularly accurate in the northern hemisphere, but also holds in the southern hemisphere. During the same months, the polar mesosphere exhibits a small, positive value of hk 0 i that is closer to 0 than 1, with a smooth transition across the levels 2000-3000 K from the uniform value of unity in the stratosphere.
The midlatitude stratosphere requires a slightly more complicated profile, a tent-shaped function that peaks at h 700 K and drops to unity at the tropopause and stratopause in an approximately linear fashion with respect to log h, with an amplitude that is a smooth function of season. In the summer, the peak drops to h 600 K, but otherwise a similar tent-shaped function with a negative amplitude is evident.
Conclusions
We have presented what is to our knowledge the first comprehensive study of Ertel potential vorticity versus Bernoulli streamfunction on potential-temperature surfaces in Earth's extratropical atmosphere. Scatter plots of Q versus B prove to be coherent and function-like in general, to the point of being crisp, consistent with the early primitive-variable work of White [1990] and Morgan [1994] .
Two-Region Scheme
To quantify the signal, we have followed Dowling [2014] and fitted for the slope parameter, k 0 ðh; tÞ, defined in a regional or piecewise fashion by Q5Q 0 exp ½2k 0 ðB2B 0 Þ. Although there are special cases in which the 1979-2009 (31 years, inclusive) . The h interval is 5 K. The input data set is CMAM30-SD [Scinocca et al., 2008] .
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DU ET AL. Q VS. Bentire span from 30 latitude to the pole can be modeled reasonably well with a single k 0 ðhÞ profile, particularly in winter, in general we find that a two-region scheme, partitioned at 60 latitude, is the simplest approach that provides good fidelity to the observations year-round. Following this scheme, we have calculated Q versus B correlations using the CMAM30-SD data set, on judiciously spaced h surfaces from the midtroposphere to the mid-mesosphere, for all 46,720 snapshots generated 4 times daily from 1979 to 2010.
Homogeneous-PV Paradigm
The homogeneous-PV model corresponds nondimensionally to jk 0 j 1, and hence is a possible outcome of our analysis. Although this has been considered in the geophysical fluid dynamics community for decades [e.g., Sun and Lindzen, 1994] , a basic state that assumesk 0 50 is not viable in the troposphere or midlatitude stratosphere.
Gravity waves and Rossby waves are known to strongly affect the mesosphere, and their behavior is controlled by critical-layer interactions with the zonal winds [e.g., Lindzen, 1981; Holton, 1983; Miyahara, 1985; Fritts and Alexander, 2003; Hitchcock and Shepherd, 2013] . The only persistent jk 0 j 1 behavior to emerge from this study during dynamically active periods is in the mesosphere, approximately in the potentialtemperature range h 5 3000-4000 K, which corresponds approximately to the altitude range 62-72 km. This lowk 0 region coincides more or less with the mesosphere's expected area of peak amplitude of geopotential-height variation associated with stationary planetary waves [Miyahara, 1985, Figure 2a] .
The other significant place and time jk 0 j 1 holds is in the polar stratosphere during summer, which is the stratosphere's dynamically quiet period when no appreciable PV mixing is expected. Otherwise, except occasionally in small, transient patches, the homogeneous-PV state is not prevalent in the data.
The above assertion hinges on the following point: a location with a vanishing PV gradient, dQ=dy 0, does not necessarily also have a vanishing correlation,k 0 0 (an analytical example is given in section3 of White [1986] ). This is important and subtle: it is important because one can reasonably argue that only jk 0 j 1 corresponds to ''mixed PV.'' It is subtle because it is an application of l'Hôpital's rule; that is, if dQ=dy ! 0 only where the zonal wind vanishes, u ! 0, then Q never loses its correlation with B. Note that the reference frame may be shifted to facilitate the collocation of vanishing PV gradient with vanishing wind, as in the stability theorems of Fjørtoft [1950] and Ripa [1983] .
Notice further that the statement ''dQ=dy 0'' is dimensional. To assert that PV has been mixed where dQ=dy 0, one needs to argue in terms of nondimensional numbers, for example to establish that jk 0 j 1 at that location. In the case when the PV gradient vanishes on some curve following a dynamical event, butk 0 does not, then we suggest one should seek some other governing process besides mixing to explain the rearrangement of PV.
Stratospheric Sudden Warmings
To explore the usefulness of k 0 time series for middle-atmosphere dynamics, we took a look at major stratospheric sudden warmings (SSWs) that occur in the data set time window. Two features stand out in the signal. First, the midlatitude and polar times series nearly always touch at the central date of a warming. A simple explanation is that at the central date, the polar jet is laying across both regions and hence dominates the vorticity-streamfunction correlations. Second, extended recoveries tend to be associated with a spike in stratospherick 0 in the midlatitude region, which descends over 2-3 weeks. A puzzle is why this descending feature is in the midlatitude region, rather than in the polar region where the elevated stratopause is making a similar descent.
Vertical Profiles
Vertical profiles of k 0 ðhÞ ork 0 ðhÞ calculated from snapshots of the atmosphere clearly demarcate the troposphere, stratosphere, and mesosphere. The tropospherick 0 profile has a positive spike that is similar in the midlatitude and polar regions. The peak value isk 0 223 in winter and 3-4 in summer. The fact that this value is always much larger than unity is undoubtedly related to the permanence of baroclinic instability in the troposphere.
The quantity 2dQ=dW has the same sign as k 0 and is related to the square of the Rossby-wave refractive index. Thus, it is to be expected that the middle stratosphere steals the show in animations of k 0 versus h, with its large switch in sign to negative k 0 during summer.
An unexpectedly simple result holds in the polar stratosphere during fall, winter, and spring: the monthly climate-averaged profiles, hk 0 iðhÞ, are nearly unity from the tropopause to the stratopause. This is not consistent with the mixed-PV model of vanishingk 0 , and thus requires a fresh explanation. The fact that this result is simple bodes well for the development of deeper understanding via PV inversion.
Future Work
The analysis procedures followed here could be improved by employing higher-order correlation models and/or more sophisticated regional partitions. To give a specific example of an issue, in the northernhemisphere, upper-stratosphere, polar region, in December 1985, the log Q versus B scatter plots have a kink interior to the region (not shown). Although such cases are not common, when they occur the robustline fitter tries to pick the slope to the left or right of the kink, and consequently tends to vacillate, which yields glitches in the k 0 time series and a poor fit. The regular-line fitter is no better in this situation, because it splits the difference, which also does not reproduce the signal.
There are at least two modifications that should yield improvements at the expense of simplicity. First, the regional partitioning can be sharpened by adopting an equivalent latitude system based on potential vorticity-to partition regions in the Lagrangian sense instead of the Eulerian sense. This would help connect with finite-amplitude wave activity and eddy drag studies [Nakamura and Solomon, 2011] , and to processes like the erosion of the polar vortex as winter progresses [McIntyre and Palmer, 1983; Butchart and Remsberg, 1986] . Second, correlation models with higher-order polynomials in ðB2B 0 Þ or other empirical functions for QðBÞj h motivated by the scatter plots can be developed.
Although the nondimensional correlation parameter defined in this article,k 0 ðNHÞ 2 k 0 , is convenient, it would be more physically relevant to calculate the analogue of the Mach number for Rossby (vorticity) waves itself, which is related to the reciprocal ofk 0 [Dowling, 2014] . This will require Sturm-Liouville-type modeling to determine the appropriate intrinsic phase speeds of Rossby waves.
In closing, we have demonstrated that primitive-variable Q versus B correlations on isentropic surfaces, which trace their roots back to quasigeostrophic, steady state analyses, provide valuable insights when applied to the diagnosis of Earth's unsteady extratropical atmosphere. A logical next step is to revisit the PV inversion exercise of Sun and Lindzen [1994] , but to proceed in the spirit of Morgan [1994] by specifying Q(B) via the regional, monthly hk 0 i; hQ 0 i, and hB 0 i profiles established here, which should yield useful, realistic basic state models of the extratropics.
